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Two Problems for Sophistication
Peter Bloem, Steven de Rooij and Pieter Adriaans

Abstract

Kolmogorov complexity measures the amount of information in data, but

does not distinguish structure from noise. Kolmogorov’s definition of the

structure function was the first attempt to measure only the structural in-

formation in data, by measuring the complexity of the smallest model that

allows for optimal compression of the data. Since then, many variations

of this idea have been proposed, for which we use sophistication as an um-

brella term. We describe two fundamental problems with existing proposals,

showing many of them to be unsound. Consequently, we put forward the

view that the problem is fundamental: it may be impossible to objectively

quantify the sophistication.

1 IntroductionKolmogorov complexity gives us a sound definition of the amount of information

contained in a binary string. It does not, however, capture what most people

would consider complexity. For example, a sequence of a million coin flips will

almost certainly have maximal Kolmogorov complexity, even though there is

nothing complex about flipping a coin repeatedly. Many scholars have defined

additional measures in the spirit of Kolmogorov complexity, aimed at quantify-

ing not all information in a binary string, but only the meaningful. While this

concept has been given many names, we use sophistication as an umbrella term.

In this paper, we investigate two serious problems with sophistication. We con-

clude with two arguments suggesting the problems are fundamental, explaining

our belief that sophistication cannot be defined in a satisfactory manner.

The Kolmogorov complexity C(x) of a binary string x is, informally, the

length of the shortest computer program to print x. This length depends on

the choice of programming language, but, by the invariance theorem [15, Sec-

tion 2.1], only by a constant, independent of x. For sufficiently complex objects,

the choice of programming language becomes irrelevant and Kolmogorov com-

plexity becomes an objective measure. A definition of sophistication S(x) in the

spirit of C(x) should have similar guarantees:
This paper was published at Algorithmic Learning Theory 2015. The published version is avail-

able from www.springerlink.com.
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Abstract.
Kolmogorov complexity (K) is an incomputable function.

It

can be approx
imated from above but

not to arbitrary
given precision

and

it cannot be approxim
ated from below. By

restricting
the source of the

data to a specific model class
, we can construct

a computable function 

to approxim
ate K in a probabilis

tic sense: the
probabilit

y that the error

is greater
than k decays ex

ponential
ly with k. We apply the same method

to the nor
malized information distance (

NID) and discuss co
nditions t

hat

a↵ect the
safety of the approxim

ation.

The Kolmogorov complexity of an object is i
ts shortes

t descript
ion, consid

ering

all computable descriptio
ns. It has been described

as “the accepted
absolute

measure of i
nformation content of

an individual
object” [1], and its investi

gation

has spawn
ed a slew of derived

functions
and analytical

tools. Most of thes
e tend

to separate neatly into one of two categories
: the platonic and the practical.

On the platonic side, we find such tools as th
e normalized information distance

[2], algorit
hmic statistic

s [1] and sophistica
tion [3,4]. Thes

e subjects
all deal wi

th

incomputable “i
deal” func

tions: they
optimize over al

l computable fu
nctions, b

ut

they cannot be
computed themselves.

To construct
practical a

pplication
s (ie. runn

able computer prog
rams), the most

common approach
is to take one of these platonic, i

ncomputable functions,
de-

rived from Kolmogorov complexity (K), and to approximate it by swapping
K

out for a computable compressor lik
e GZIP [5]. This a

pproach has proved
e↵ec-

tive in the case o
f normalized information distance (

NID) [2] and its approx
ima-

tion, the normalized compression distance (NCD) [6]. Unfo
rtunately,

the switch

to a gener
al-purpose

compressor lea
ves an analytical

gap. We know that the c
om-

pressor se
rves as an

upper bou
nd to K—up to a constant—

but we do not know

the di↵erence
between the two, and

how this error a↵ects the error of derived

functions
like the NCD. This can

cause serious co
ntradictio

ns. For in
stance, th

e

It includes content from these two papers, published in 2014 and 2015.
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Approximating Kolmogorov complexity
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allows for optimal compression of the data. Since then, many variations

of this idea have been proposed, for which we use sophistication as an um-

brella term. We describe two fundamental problems with existing proposals,

showing many of them to be unsound. Consequently, we put forward the

view that the problem is fundamental: it may be impossible to objectively

quantify the sophistication.

1 IntroductionKolmogorov complexity gives us a sound definition of the amount of information

contained in a binary string. It does not, however, capture what most people

would consider complexity. For example, a sequence of a million coin flips will

almost certainly have maximal Kolmogorov complexity, even though there is

nothing complex about flipping a coin repeatedly. Many scholars have defined

additional measures in the spirit of Kolmogorov complexity, aimed at quantify-

ing not all information in a binary string, but only the meaningful. While this

concept has been given many names, we use sophistication as an umbrella term.

In this paper, we investigate two serious problems with sophistication. We con-

clude with two arguments suggesting the problems are fundamental, explaining

our belief that sophistication cannot be defined in a satisfactory manner.

The Kolmogorov complexity C(x) of a binary string x is, informally, the

length of the shortest computer program to print x. This length depends on

the choice of programming language, but, by the invariance theorem [15, Sec-

tion 2.1], only by a constant, independent of x. For sufficiently complex objects,

the choice of programming language becomes irrelevant and Kolmogorov com-

plexity becomes an objective measure. A definition of sophistication S(x) in the

spirit of C(x) should have similar guarantees:
This paper was published at Algorithmic Learning Theory 2015. The published version is avail-

able from www.springerlink.com.
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Engineers routinely design systems to be modular and symmetric

in order to increase robustness to perturbations and to facilitate

alterations at a later date. Biological structures also frequently

exhibit modularity and symmetry, but the origin of such trends

is much less well understood. It can be tempting to assume—by

analogy to engineering design—that symmetry and modularity

arise from natural selection. However, evolution, unlike engineers,

cannot plan ahead, and so these traits must also afford some

immediate selective advantage which is hard to reconcile with

the breadth of systems where symmetry is observed. Here we

introduce an alternative nonadaptive hypothesis based on an

algorithmic picture of evolution. It suggests that symmetric struc-

tures preferentially arise not just due to natural selection but

also because they require less speci!c information to encode and

are therefore much more likely to appear as phenotypic variation

through random mutations. Arguments from algorithmic infor-

mation theory can formalize this intuition, leading to the pre-

diction that many genotype–phenotype maps are exponentially

biased toward phenotypes with low descriptional complexity. A

preference for symmetry is a special case of this bias toward com-

pressible descriptions. We test these predictions with extensive

biological data, showing that protein complexes, RNA secondary

structures, and a model gene regulatory network all exhibit the

expected exponential bias toward simpler (and more symmetric)

phenotypes. Lower descriptional complexity also correlates with

higher mutational robustness, which may aid the evolution of

complex modular assemblies of multiple components.
evolution | development | algorithmic information theoryE volution proceeds through genetic mutations which generate

the novel phenotypic variation upon which natural selection

can act. The relationship between the space of genotypes and

the space of phenotypes can be encapsulated as a genotype–

phenotype (GP) map (1–3). These can be viewed algorithmically,

where random genetic mutations search in the space of (devel-

opmental) algorithms encoded by the GP map, a relationship

that has been highlighted, for example, in plants (4), in Dawkins’

“biomorphs” (5), and in biomolecules (6).
Genetic mutations are random in the sense that they occur

independently of the phenotypic variation they produce. This

does not, however, mean that the probability P(p) that a GP map

produces a phenotype p upon random sampling of genotypes will

be anything like a uniformly random distribution. Instead, highly

general (but rather abstract) arguments based on the coding

theorem of algorithmic information theory (AIT) (7) predict

that the P(p) of many GP maps should be highly biased toward

phenotypes with low Kolmogorov complexity K (p) (8). High

symmetry can, in turn, be linked to low K (p) (6, 9–11). An

intuitive explanation for this algorithmic bias toward symmetry

proceeds in two steps: 1) Symmetric phenotypes typically need

less information to encode algorithmically, due to repetition

of subunits. This higher compressibility reduces constraints on

genotypes, implying that more genotypes will map to simpler,

more symmetric phenotypes than to more complex asymmetric

ones (2, 3). 2) Upon random mutations these symmetric pheno-

types are much more likely to arise as potential variation (12, 13),

so that a strong bias toward symmetry may emerge even without

natural selection for symmetry.
Symmetry in Protein Quaternary Structure and Polyominoes

We first explore evidence for this algorithmic hypothesis by

studying protein quaternary structure, which describes the

multimeric complexes into which many proteins self-assemble

in order to perform key cellular functions (Fig. 1A and

SI Appendix, Fig. S1 and section S1). These complexes can form

in the cell if proteins evolve attractive interfaces allowing themSigni!cance

Why does evolution favor symmetric structures when they

only represent a minute subset of all possible forms? Just as

monkeys randomly typing into a computer language will pref-

erentially produce outputs that can be generated by shorter

algorithms, so the coding theorem from algorithmic informa-

tion theory predicts that random mutations, when decoded

by the process of development, preferentially produce pheno-

types with shorter algorithmic descriptions. Since symmetric

structures need less information to encode, they are much

more likely to appear as potential variation. Combined with

an arrival-of-the-frequent mechanism, this algorithmic bias

predicts a much higher prevalence of low-complexity (high-

symmetry) phenotypes than follows from natural selection

alone and also explains patterns observed in protein com-

plexes, RNA secondary structures, and a gene regulatory net-

work.
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Kolmogorov complexity cannot (really) be approximated

2010 IEEE 26-th Convention of Electrical and Electronics Engineers in Israel  
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Image Classification Using Data Compression 
Techniques
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Abstract—In this paper we propose a parameter free 
image classification method based on data compression 
techniques, so to calculate a measure of similarity between 
images based on the approximation of the compression to 
Kolmogorov Complexity. For this experiment we use two types of 
compressors, ZIP the general purpose compressor and JPEG 
compressor specialized for images. After developing the method 
and perform the relevant experiments to determine whether the 
proposed approach is useful or not for image classification.

Keywords—Image Classification, Data Compression, NCD, 
Kolmogorov Complexity, JPEG, ZIP.  

I. INTRODUCTION 

URRENTLY image classification systems are based on 
the one or more features extraction to classify. This 

classic technique is much more complex when the diversity 
and number of images increases significantly as a determined 
property and / or parameter is not to classify the diversity of 
images, thus the system lacks robustness and effectiveness. 
For the foregoing reasons, the needs to find a parameter free 
image classification method, which allows us to interact with a 
variety of data regardless of its features. 
 The purpose of this work is to implement a tool for 
image classification using data compression techniques and 
thereby facilitate the search and classification of images. The 
project is to apply the Shannon information theory, 
Kolmogorov Complexity and its approximation to the 
Compression Factor; to use the concept of Normalized 
Compression Distance NCD for an effective image 
classification. Once determined the compression factor of each 
image (compressed image weight / weight original image) is 
necessary to measure the degree of similarity between images. 
 Paul Vitányi in 2004 approximated the Kolmogorov 
Complexity K(x) with the compression factor C(x) [1], this 
approach allows the use of NCD Normalized Compression 
Distance to measure the similarity degree between data. 
Before researches have used data compression techniques for 
classification and grouping of data such as: 
- Syntactic Comparison of genomes based on the 

Conditional Kolmogorov Complexity [2]. 
- Analysis of the relationship between language and 

construction of a language tree that defines the languages 
those are more similar to other [3]. 

- Detection of plagiarism in programming code, based on a 
variant of the NID to measure the distance between two 
source code files. 

- Classification of biomedical signals and detection of 
anomalies in the signals [4]. 

- Image Classification using MPEG compressor [5]. 

II. THEORETICAL BACKGROUND

A. Shannon Information Theory

 The Information Theory is a branch of mathematical 
theory of probability and statistics that studies the information 
and how to storage in digital form. It was developed by 
Claude E. Shannon in 1948 to find the fundamental limits in 
compression and reliable storage of data communication 

 According to probabilistic considerations is possible 
to establish a first principle of information measurement. It 
states that the more likely a message is less information 
provided. This can be expressed as follows: 

)()()()( kiki xPxPxIxI !"#                  (1) 
Where:  

)( ixI  : Amount of information provided by xi

         )( ixP  : Probability of xi

 According to this principle is the probability that a 
message be sent and not its content, which determines the 
amount of information. The content is only important insofar 
as it affects the probability. The amount of information that 
provides a message varies from one context to another, 
because the probability of sending a message varies from one 
context to another  

 A second principle states that if selected two 
messages x and y the amount of information from both 
messages is equal to the amount of information provided by x
plus the quantity of information provided by y, given that x
has already been selected 

C

000349

More precisely, we can approach Kolmogorov complexity from above, but not to a given precision, and we 
cannot approximate it from below.
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<latexit sha1_base64="Uw3Zxjbh1opAh1H6egtpk2glX6c="></latexit>

U(̄ıq) = Ti(q)

K(x) = min { |p| : U(p) = x}
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<- prefix
 TM

<latexit sha1_base64="Uw3Zxjbh1opAh1H6egtpk2glX6c="></latexit>

U(̄ıq) = Ti(q)

K(x) = min { |p| : U(p) = x}

Finite strings only, no prediction

/40

TMs as probability distributions / semimeasures

Feed a (prefix-free) TM random bits until it produces 
an output.

8

d
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<latexit sha1_base64="w9CTbSK3C3JqWr25w4th5HwBZac="></latexit>

p(x) =
X

p:TM(p)=x

2-|p|

<latexit sha1_base64="b+lgweSN9OPyYdl7Hu9ItLp53PQ="></latexit>

L1(x) = min {|p| : TM(p) = x}

L2(x) = - log p(x)

<latexit sha1_base64="b+lgweSN9OPyYdl7Hu9ItLp53PQ="></latexit>

L1(x) = min {|p| : TM(p) = x}

L2(x) = - log p(x)

If your TM is a universal Turing machine, then L1 and L2 correspond (up to a constant). But for other TMs, 
they may disagree arbitrarily much.

Taken over all TMs the set of probability distributions we can define this way (or more accurately, probability 
semimeasures) corresponds to the lower semicomputable semimeasures.

/40

safe approximation

no gos: 

• Approximation from above (to a given precision) 

• Approximation from below 

• Even if we constrain the model class 

safe approximation: 

• The approximation is correct within k bits 

• With exponentially large probability

9

The no-go’s have long been established as approximations for K that cannot be computable. 

Safe approximation is an alternative that is still possible. 
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safe approximation

L' is a safe approximation of L iff:

10

<latexit sha1_base64="jcNnUquHSlO4RcW9t58Qa3484kM="></latexit>

p (L 0(x)- L(x) > k) 6 b-k
<latexit sha1_base64="jcNnUquHSlO4RcW9t58Qa3484kM="></latexit>

p (L 0(x)- L(x) > k) 6 b-k

properties: 

• lowerbounding implies domination implies safety 

• Safety is transitive (although b may change)

<latexit sha1_base64="9q0r9RBaBo81AyQ+zx//o3CkA+0="></latexit>

p (L 0(x)- L(x) > k) 6 cb-k

If we know where x came from can we safely approximate K(x)?

/40

Model-bounded Kolmogorov complexity

Model class C: computably enumerable subset of Turing machines. 

• For example: PSPACE, P, Markov models, DFAs, Pitman-Yor processes. 

• Any MDL model (class). 

Universal model for C: 

12

<latexit sha1_base64="QwyuNVOvqOzP9RaJmmi6sCDEgoA="></latexit>

UC(̄ıp) = TMi(p)

If we know x was produced by a TM in C can we safely approximate K(x)? 

We get the well known resource-bounded Kolmogorov complexity as a special case when we define C with a 
resource bound on our TMs, but really any model class commonly used in statistics can be a model class in 
class bounded KC. We just have to frame it in terms of a distribution on bitstrings. A lot of this work has been 
done already in MDL.

We lose a lot of the nice properties of KC. Most importantly, the invariance.



/40

(this is just Bayes/MDL)
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<latexit sha1_base64="QwyuNVOvqOzP9RaJmmi6sCDEgoA="></latexit>

UC(̄ıp) = TMi(p)

- log prior(i) - log likelihood(x|i) 

<latexit sha1_base64="QwyuNVOvqOzP9RaJmmi6sCDEgoA="></latexit>

UC(̄ıp) = TMi(p)

Correspondence to Bayes
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Option 1: KC(x)

14

<latexit sha1_base64="GTZcTXtZEh+CMQRMH7U52TTpuh8="></latexit>
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�
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x x x x x x x x

not x
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q
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T i
(q
)

K
(x
)
=
m
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{
|p
| :
U
(p
)
=
x}

First up, the naive way to define class-bounded KC—the smallest program on our class universal TM that 
produces x— does not result in a safe approximation. 

If we can just point to the internal node highlighted in blue, it doesn't matter what else we feed the TM, the 
outcome beyond that will always be x. The non-limited Kolmogorov complexity can take advantage of this 
fact, and find some representation that just points to this internal node. The model bounded Kolmogorov 
complexity cannot do this: it can only pick leaf nodes in this tree. By making the subtree below the internal 
bigger, we can make the difference between KC(x) and K(x) arbitrarily big.

In short, the shortest program for x on UC is not a safe approximation for the Kolmogorov complexity, even is x 
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Option 2: mC(x)

15
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Each path from the root to an x node represents a code, and with it some probability mass. Adding up all that 
probability mass gives us a codelength equivalent to the shorter code in the previous slide.

If we want a good approximation of K(x) we need to consider the mass of all programs on our UTM.
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- log mC is safe against mC

16

<latexit sha1_base64="ccYeCnp5EUDwtpLbu+73NqKtw/s="></latexit>

mC(- logmC(x)- K(x) > k) = mC(mC(x) 6 2-k2-K(x))

=
X

x:mC(x)62-k2-K(x)
mC(x)

6
X

x

2-k2-K(x)

= 2-k
X

2-K(x) 6 2-k

<latexit sha1_base64="ccYeCnp5EUDwtpLbu+73NqKtw/s="></latexit>

mC(- logmC(x)- K(x) > k) = mC(mC(x) 6 2-k2-K(x))

=
X

x:mC(x)62-k2-K(x)
mC(x)

6
X

x

2-k2-K(x)

= 2-k
X

2-K(x) 6 2-k

<latexit sha1_base64="ccYeCnp5EUDwtpLbu+73NqKtw/s="></latexit>

mC(- logmC(x)- K(x) > k) = mC(mC(x) 6 2-k2-K(x))

=
X

x:mC(x)62-k2-K(x)
mC(x)

6
X

x

2-k2-K(x)

= 2-k
X

2-K(x) 6 2-k

<latexit sha1_base64="ccYeCnp5EUDwtpLbu+73NqKtw/s="></latexit>

mC(- logmC(x)- K(x) > k) = mC(mC(x) 6 2-k2-K(x))

=
X

x:mC(x)62-k2-K(x)
mC(x)

6
X

x

2-k2-K(x)

= 2-k
X

2-K(x) 6 2-k

<latexit sha1_base64="ccYeCnp5EUDwtpLbu+73NqKtw/s="></latexit>

mC(- logmC(x)- K(x) > k) = mC(mC(x) 6 2-k2-K(x))

=
X

x:mC(x)62-k2-K(x)
mC(x)

6
X

x

2-k2-K(x)

= 2-k
X

2-K(x) 6 2-k

<latexit sha1_base64="ccYeCnp5EUDwtpLbu+73NqKtw/s="></latexit>

mC(- logmC(x)- K(x) > k) = mC(mC(x) 6 2-k2-K(x))

=
X

x:mC(x)62-k2-K(x)
mC(x)

6
X

x

2-k2-K(x)

= 2-k
X

2-K(x) 6 2-k

With this we have a safe approximation.
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- log mC is safe against members of C
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We are also safe against any member of C. This is the more important property. We can now assume that our 
data cam from a member of C and safely approximate it. 

For example, if we assume that the process that generated our data can be simulated on a polynomial-time 
Turing Machine, we can take P as our model class and we have shown that the Kolmogorov complexity of any 
such data may be safely approximated.

The approximation may be still be very expensive to compute (likely not polynomial), but it is at least computable. 
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So...

Kolmogorov complexity can be safely approximated by computable means. 

No need to blindly plug in zip for K(x): 

•  Any probabilistic model is a suitable aproximation. 

• You don't need to compute the actual code. Just its length. 

If you can compute the Bayesian mixture for C, you can safely approximate C. 

If not, safety is transitive... 

• Perhaps you can safely approximate the Bayesian mixture?

18

It's exponentially unlikely that we'll ever see any data for which the Kolmogorov complexity differs 
substantially from a good computable approximation.
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Extended CT thesis

"The universe cannot compute anything superpolynomial"

19

/40

Separating structure from noise

20

NB: We're moving away from approximation land for this part. We're happy with uncomputable functions for 
the time being.

%XW�QRQH�RI�WKHVH�VLJQDOV�VHHP�YHU\�ULFK�WR�XV��6RPH�PD\�EH�GLIÀFXOW�WR�GHVFULEH��DQG�FRQ-
tain a lot of information, but we’re unlikely to watch any of them for an extended amount 
of time. The information that they contain, isn’t very interesting.

Signals that we are interested in are somewhere between the two extremes: they are partly 
predictable and partly unpredictable. They contain landscapes, human faces, dialogue, plot 
twists.

So, is there some method, in the spirit of Kolmogorov complexity, that will allow us to cap-
ture this vertical dimension? This is the question that sophistication hopes to answer.

9 of 26
Kolmogorov complexity

??

Kolmogorov complexity

Interesting data lives somewhere between very compressible and highly uncompressible data. This is not a 
defining feature, however, since we can also make very uninteresting data that is medium-compressible.

Can we quantity this vertical axis? What makes data interesting. Could this be an objective quantity?
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sophistication

The amount of structured information in a string

22
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TMi(p) = x 

TMi: model 

p: residual information 

(i, p): description of x

sophistication

The broad idea of sophistication is that we can two-part code the string x. We first describe a TM and the the 
input to that TM that will cause it to produce x. If this two-part description is optimal (i.e. close to K(x)) then the 
amount of bits we spend on the TM is an indication of the interestingness of the string.

We allow a small amount of slack (indicated by the dotted line), usually some constant number of bits, and 
then pick the two-part representation with with the smallest model description inside this slack region. 

/4023

This principle has been proposed many times, by many different people, under many differ-
ent names. We use sophistication as an umbrella term.

$PRQJ�WKHVH�SHRSOH�ZH�ÀQG�.ROPRJRURY�KLPVHOI��WKH�DXWKRUV�RI�WKH�VWDQGDUG�WH[WERRN�RQ�
Kolmogorov complexity, and a nobel laureate. Clearly, this is a strong intuition, at which 
many very intelligent people have arrived independently.

Nevertheless, we do not believe that this intuition is correct. We have found serious prob-
lems with all currently published proposals.

14 of 26

Sophistication

effective complexity

sophistication facticity

(strong) algorithmic 
VXIÀFLHQW�VWDWLVWLF

meaningful  
information

the structure 
function

A lot of very smart and famous people have made the case for this kind of separation of structure and noise. 

Despite that fact, we will take a critical perspective here.

/40

Why do we like Kolmogorov complexity so much?

• K measures information. 

• K is unbounded. 

• K is invariant: 

24
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KU(x)
+
= KV(x)
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desiderata

• S(x) should measure structural information. 

• S(x) should not be bounded. 

• K(x) - S(x) should also not be bounded. 

• SU(x) should be invariant to the choice of U.

25
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index sophistication

26

<latexit sha1_base64="C2iwYEkwJ2xPz65zCM8bBYS6eYU="></latexit>

K(x) = min { |̄ıp| : Ti(p) = x }

model information residual information

We will start with a type of sophistication that goes catastrophically wrong very quickly.

/40

the problem with index sophistication

27

2i zeroes

<latexit sha1_base64="BC36cd6oaTNV+smxI0lPWIPryrI="></latexit>

V(0 . . . 01p) = Ti(p)
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With index sophistication, picking a bad index representation causes the structural information in every string 
to blow up massively.

Note that the resulting K(x) is still efficient. We just have to describe a UTM with a better index representation 
and switch to that one. 

This jump to a more efficient UTM will happen for every string, so the index sophistication becomes bounded 
to the size of the first efficient UTM in the enumeration.
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sophistication

Make sure that the model is described efficiently.
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To prevent this problem, most authors requires an efficient description of the model: we can not use more bits 
than the Kolmogorov complexity of the model.

This solve the catastrophe of index sophistication, but we can still have two problems: undercutting and 
overfitting.

/40

underfitting

29
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Underfitting happens when the UTM is small enough to appear in the slack region. If that happens, we have a 
two-part representation for every string where the model part is just the UTM. I.e. the sophistication is never 
bigger than the size of the UTM.
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underfitting: total functions

UA(p) : simulate U(p) for at most 
Ackermann(p) steps.  

• Total function. 

• Reaches KC for almost any "normal" 
string. 

• There are UTMs for which S(x) always 
selects UA as a model (if x is normal). 

30
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To prevent this, most authors eliminate the UTM by restricting themselves to total functions (thos that have 
halting TMs). 

This doesn’t really fix anything practically. We can very simply set a huge resource bound on the UTM making 
it a total function. 

The result is that there are strings with arbitrarily high sophistication, but only if they take beyond the age of 
the universe to unpack from their shortest description. Nothing we are likely to encounter in the world will 
have nontrivial sophistication.
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overfitting
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/40

overfitting

There exist UTMs for which the singleton models will always compress better than any 
other representation by an arbitrary constant amount. 

So either S(x) is always equal to K(x), or it is not invariant.

32
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Who is guilty of what?

Inefficient indices 

• Affects some definitions 

• Disastrous, S(x) is highly dependent on UTM 

Underfitting 

• Affects all known versions 

• S(x) doesn't work as advertised 

Overfitting 

• Affects most versions 

• S(x) is not invariant, or equal to K(x) 

33
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Outlook

34

What has changed since 2014, 2015?
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2013
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Deep Learning of Representations:
Looking Forward

Yoshua Bengio

Department of Computer Science and Operations Research
Université de Montréal, Canada

Abstract. Deep learning research aims at discovering learning algo-
rithms that discover multiple levels of distributed representations, with
higher levels representing more abstract concepts. Although the study of
deep learning has already led to impressive theoretical results, learning
algorithms and breakthrough experiments, several challenges lie ahead.
This paper proposes to examine some of these challenges, centering on
the questions of scaling deep learning algorithms to much larger models
and datasets, reducing optimization difficulties due to ill-conditioning or
local minima, designing more efficient and powerful inference and sam-
pling procedures, and learning to disentangle the factors of variation
underlying the observed data. It also proposes a few forward-looking
research directions aimed at overcoming these challenges.

1 Background on Deep Learning

Deep learning is an emerging approach within the machine learning research
community. Deep learning algorithms have been proposed in recent years to
move machine learning systems towards the discovery of multiple levels of rep-
resentation. They have had important empirical successes in a number of tradi-
tional AI applications such as computer vision and natural language processing.
See [10,17] for reviews and [14] and the other chapters of the book [95] for
practical guidelines. Deep learning is attracting much attention both from the
academic and industrial communities. Companies like Google, Microsoft, Apple,
IBM and Baidu are investing in deep learning, with the first widely distributed
products being used by consumers aimed at speech recognition. Deep learning is
also used for object recognition (Google Goggles), image and music information
retrieval (Google Image Search, Google Music), as well as computational adver-
tising [36]. A deep learning building block (the restricted Boltzmann machine, or
RBM) was used as a crucial part of the winning entry of a million-dollar machine
learning competition (the Netflix competition) [115,134]. The New York Times
covered the subject twice in 2012, with front-page articles.1 Another series of
articles (including a third New York Times article) covered a more recent event
showing off the application of deep learning in a major Kaggle competition for

1 http://www.nytimes.com/2012/11/24/science/scientists-see-advances-
in-deep-learning-a-part-of-artificial-intelligence.html

A.-H. Dediu et al. (Eds.): SLSP 2013, LNAI 7978, pp. 1–37, 2013.
c© Springer-Verlag Berlin Heidelberg 2013
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deep neural networks as models /model classes?
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The Description Length of Deep Learning Models

Léonard Blier

École Normale Supérieure
Paris, France
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Paris, France
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Abstract

Solomonoff’s general theory of inference (Solomonoff, 1964) and the Minimum
Description Length principle (Grünwald, 2007; Rissanen, 2007) formalize Oc-
cam’s razor, and hold that a good model of data is a model that is good at losslessly
compressing the data, including the cost of describing the model itself. Deep neu-
ral networks might seem to go against this principle given the large number of
parameters to be encoded.
We demonstrate experimentally the ability of deep neural networks to compress
the training data even when accounting for parameter encoding. The compression
viewpoint originally motivated the use of variational methods in neural networks
(Hinton and Van Camp, 1993; Schmidhuber, 1997). Unexpectedly, we found that
these variational methods provide surprisingly poor compression bounds, despite
being explicitly built to minimize such bounds. This might explain the relatively
poor practical performance of variational methods in deep learning. On the other
hand, simple incremental encoding methods yield excellent compression values
on deep networks, vindicating Solomonoff’s approach.

1 Introduction

Deep learning has achieved remarkable results in many different areas (LeCun et al., 2015). Still, the
ability of deep models not to overfit despite their large number of parameters is not well understood.
To quantify the complexity of these models in light of their generalization ability, several metrics
beyond parameter-counting have been measured, such as the number of degrees of freedom of mod-
els (Gao and Jojic, 2016), or their intrinsic dimension (Li et al., 2018). These works concluded that
deep learning models are significantly simpler than their numbers of parameters might suggest.

In information theory and Minimum Description Length (MDL), learning a good model of the data
is recast as using the model to losslessly transmit the data in as few bits as possible. More complex
models will compress the data more, but the model must be transmitted as well. The overall code-
length can be understood as a combination of quality-of-fit of the model (compressed data length),
together with the cost of encoding (transmitting) the model itself. For neural networks, the MDL
viewpoint goes back as far as (Hinton and Van Camp, 1993), which used a variational technique to
estimate the joint compressed length of data and parameters in a neural network model.

Compression is strongly related to generalization and practical performance. Standard sample com-
plexity bounds (VC-dimension, PAC-Bayes...) are related to the compressed length of the data in
a model, and any compression scheme leads to generalization bounds (Blum and Langford, 2003).
Specifically for deep learning, (Arora et al., 2018) showed that compression leads to generaliza-
tion bounds (see also (Dziugaite and Roy, 2017)). Several other deep learning methods have been
inspired by information theory and the compression viewpoint. In unsupervised learning, autoen-
coders and especially variational autoencoders (Kingma and Welling, 2013) are compression meth-
ods of the data (Ollivier, 2014). In supervised learning, the information bottleneck method studies

32nd Conference on Neural Information Processing Systems (NIPS 2018), Montréal, Canada.
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Is SGD safe against the model class of NNs?
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possible weights of one NN

ML solution

Bayes m
ixture

Initialization

SGD solution

Data source
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tain a lot of information, but we’re unlikely to watch any of them for an extended amount 
of time. The information that they contain, isn’t very interesting.

Signals that we are interested in are somewhere between the two extremes: they are partly 
predictable and partly unpredictable. They contain landscapes, human faces, dialogue, plot 
twists.

So, is there some method, in the spirit of Kolmogorov complexity, that will allow us to cap-
ture this vertical dimension? This is the question that sophistication hopes to answer.
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NNs as practical complexity hierarchies

Models with arbitrary depth: 

• Transformer blocks 

• Resnet blocks 

Data is interesting if a complex model is required to optimally compress it.

38model depth
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No two part coding required
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conclusions

Kolmogorov complexity can be safely approximated 

• We can do better than just plugging in ZIP. 

Separating structure from noise objectively is probably impossible. 

Deep learning provides some exciting opportunities. 
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